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AbstI act

Wc consider th rcq)onsc  of an intcrfcromctcx  movilig  with rcs]wct to a fixed
rcfcmncc  frame, and derive a sim])lc cxprc.<sion  for tllc bcank]mttmn factors
and the ])olarizatioll-averaged antenna ])OWCY  patkrn.  Given the antenlm’s
motion, the latter quantity ckmribcs  tllc antcmna’s  directionality as a function
of time.

‘J’hen, wc consider a class of motions where  tllc detector’s ]danc is colL-
straincc]  to Inove on the surf am c)f a cone of constal]t  ar)crt,urc;  at tlic same
time, the two arms are rotating arou])cl a vertical axis, ‘J’his  picture clcscribcs,
in particular, the motion of 1,1 SA, a prol)oscd space-bascxl laser intcrfcrou L-
ctcr, as well m of other ]da]lnccl  missicms. We discuss the sky’s coverage as
a fuktion  of the cone’s aperture. It turns out that I,ISA’s antenna ])attcrn,
integrated over the detector’s lifetime, is very close to bc isotro~)ic, althcmgh
perfect isotro])y can never be acllicved  in t,l]c conical case considered ha-c,
inclcpcndcntly  of the cone’s aperture. WC also dctcrmi]ic tllc covcra~,c  of the
Galactic plane, which unfortunately turns out to k far from cq)timal  in the
I,ISA C&SC.

in addition, wc consider the case of an Earth-basccl interferometer. We
give a simple exprcwion for the antcn]la pattern, averaged over the ‘time of
arrival of the signal, as a fm]ction of the position and orientation cm the
Earth’s surface. We found the particular valuw for the terrestrial latitude
and the inclination rLJ@c with rcxpcct  to tllc local  parallel, which render the
time-averaged antenna response perfectly isotropic.

In the frequency domain, the gene] al result is that the clckctor’s  motion
introduces in the instrumental mponsc  a fcw harmonics of the orbital fre
qucncy. ‘J’he exact nulnbcr  of the l]olhzcro Fourier cocfflcicnts is 17 in tlm
1,ISA case, and 9 in tlw terrestrial case. ‘J ‘heir magnitude depends on tllc
source’s position in the sky, and tllmwforc a Fouriel analysis could allow, in
principle, for solving tllc inva-sc  prolhm.  Fina]ly,  wc discuss J, ISA’s response
to circularly polarized sinusoidal wavcx, conli~lg from a few k]]own binary
systems in our Galaxy.
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1.1 N’1’lK)l)lJCTJ’l ON

Gravitational waves in the low-frcqucmcy  regime (10-4 to I 0- ] IIz) can OIIIY bc okrvcd
frcnn s~mc,  duc to tcrrcstlrial distlurbal)ccs.  1 n space, the only tcchniquc  currently available,
besides pulsar timing, is bad on 1 IOI)IJW tracking of an intcrplanctmy  spacecraft [1]. 1 low-
cvcr, this relatively incxpcnsivc method has not provided enough sensitivity, tlllus far, for
a detection. Wllilc better sensitivities may bc cxpcctcd  in the near future, with advancccl
s~mcccraft  such as CA SS1 N], much more aml )itious  ~n-ojccts  for gmvit  ational  wave observa-
tories in space have km proposccl.  AnloIw tllcsc, the most promising clctcctors arc based on
s] )acc-born laser intlcrfcromctlry.  In IJarticu  lar, I JSA (I,ascr lntcrfcromctm  S~)acc Antenna)
[2,3], consists of six drag-free, laser-bcarin?, sj,acccraft,  launclwd in orbit, aroul,d  tllc su,].
‘1’l~c  six slmcw.raft would h placed, in pair, at, the VCI tcx of a triangle wit]] 5 x 106 km siclcx.
At cacll corner, the two spacecraft arc l)llasc locked throut;ll the cxchangc of a laser signal,
rcl )lacing in this way the central ~nirror of all ordinary Michelson illtcrcfcrolllc  t,er. l’;ach  of
tlllc  two ~wobcs scncls a laser beam to a ~wobc at each of the other two cquilatcra]  l)oints,
wl)crc tllc tracking signal is transpondcd  back by pllasc-locked lasers, a~ld tllc rctumint;
beams arc event ually intmfcrcd.

in order to keep the triangular constellation as stable as ~)ossiblc,  an clalmratcd  orbit
llavc been dmi.gncd,  with each spacecraft orbiting a circle of radius 3 x 106 k~n over a ~)criocl
of 1 yr. ‘1’he ildmrfcromctjcr  plane, at, all incli]latio~l  of 60° with respect to t}]c ccli~)tlic,  is also
rotating around the sun with t,hc same pcriodicity. ‘1’hc complicate motion is rcflcctcd in tllc
time evolution of the illtcrfcr[)l~~etc~’s  rcs}m]lsc to a source located in a fixed ~msiticm i~l tile
sky. Wc will i~wcst,igatc  the lm}~avior of the alltcnna  response in prescncc  of a .gmcric mot,ioll,
and a~)~ J y ouJ. rcsu]ts  to a “spmific  class of J notions, whit]) il]c]udcs  I,ISA’s as a ~)articular
case. As a side-product c)f our analysis, wc can also examine a terrestrial intcrfcromctm,
wllcrc t]lc motion is simply duc to the l;arth rotation around its axis, and study its antcmlla
J)at,tcrll as a function of the location and oricmtat(ion oli tlm ltarth surface.

in tilis section, wc briefly recall the formalism describin~;  the antenna response to a grav-
itational wave passing by, in tllc long-wavelength approximation (SCC ref. [4], and rcfcn-cnces
tllcrcin).

First, wc introduce the wave symmetric h~LCC-frCC  (S’J’F) tensor

wl]crc tllc (complex) vector fi is defined ill t c] m of the polarization vectors i?’ and F’y as

] (i!’/y -t 2+) .
‘n “ 72

(2)

‘1 ‘hc tensor TV reprcscmts  the wave field as Incasurcd in the intcrfcro~nctcr)s rmo~m  mst
fra,mc. ‘1’hcn  wc define the Srl’l’ detector tm lsor

I)= iil@iil--ii2@7i2,’ (3)

w]lcrc 711 is the unit vector along the i-th
ol)tainccl  from tllc contraction of t,l]c wave

I&?(i)  z wijl~i~

arln. ‘J’llc illtcl fcromctcr  rcs~)onse is the sca lar
hlsor  W with the detector tcllsor  D

5 ]’; h, i ]“X]LX . [4)
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, ‘1’llc beam-pattern factors 1; and 1’ ‘X dcqmld  on the antmlna)s  orientation with rcs]mt to
tllc wave’s propagation dircciion  and ljolarization  axes.

WC can choose tl)c rcfcrcncc fra,lllc as ill l“ig;. 1, with the x-axis of tl)c (x, y,~)  frarnc
Lisccting  the intcrfcromctcr’s  arms, so tllatf  the only no~bnull  components of D in tlllis
rcfcrcncc frame arc

(5)

w11crc2fl  istllcapcrturc  mglc. ‘1’hcrcforc,  ill order to obtain Jt(t), wc just ncccl W]z in this
~mticular  frame. Fig. 1 also snows  the hlcr’s allglcs  0, q5, and ~~ which transfcmn  from the
intcrfcromctcr’s  frame (z, y, z) to the wave rcfcrcncc frame (X, Y, Z). ‘1’hc latter is dcfinccl
with the Z-axis o~q~ositc to the propagation direction, and the X and Y axes alonp; F’x and
&, rcspcctivcl y.

It, is easy to find, for the -1 polarization

(6)

‘1’hc beam-lmttcrn factor  1’ ‘X is obtained frmn l{;q.  (6) with the substitution ~~ -- ~ @ -1 71 /4, a
WCII k~lown I polarization pro~mrty of gravitat,im]al  waves. I lowevcr,  when averages over the
l)olarizatiol) angle @ arc considcrcd, wc can assume, without loss of generality, IL’ = }Lx =- }L.
‘J’hc quantity of interest is tj}ms the polarization-avcragccl  at]tcll~m’s power path-n

wl]ich for tllc intcrfcromctcr  in Fig. 1 rcacls

P(O, ~}) =- ~ [1 + cos4 O -1 6 Cc)s2 O – sin 40 cos(4~~)] .

(7)

(8)

F’or future rcfcrcncc, note that this clcfinition  of the antenna l)attcrn  is not norlnalizcd  to
unity, the average of P(O, ~~) over the W11OIC sky being 4/5. A ldot of l’(0,  @) ill ~)olar
coordinates is shown in Fig. 5a.

IGq. (8) gives the instantaneous power l)attcrn  for a wave impinging from tllc direction
(0, @) in the intcrferomctcr’s  rcfcrcncc fra]nc. If the detector is moving with respect to the
source, then, apart from Dopp]cr effects considerations, all wc need to do is sim~dy rcplacc  0
and q!! with t}lc appropriate functions d(t) al)d ~(t). For example, if the antenna is rotating
around  its vcrt]ical axis with a.ltgular  velocity w (Fig. 2), then wc can obtain  the al}tcnna
l)att,crn at any time f from Eq. (8), with tllc substitution

(j’) -+ ~)- ((j--d, (9)

wl]crc to is some initial angle. As a matter of fact, this very simple case dcscribcs,  with good
ap}n-oximation,  the time evolution of a particular space intcrfcromctcr  called OMIKIA [5].

1 Iowcvcr, to mask the motion of the ardmlna  with the apparent motion of tljc source is
not always convenient, cspcciall  y when dealing with a large number of sources, or wl]cn tllc
Jnotion  is very conlplicatlc.  1 n this pa~wr, wc shall intfroducc  a more useful rcprcscnhtion,
where every quantity is rcfcrrccl to a fixed rcfcrcncc fran Ic, so that  the source’s polar  coor-
dinatlcs O and ~~ remain constant, and tllc alltm]lla rcs])ollsc dcl)cnds on time throug;l] the
actual motion of the intlcrfcromctlcr.



11. ANTENNA I)M1’’l’E;lLN IWIL A GI’;NI(HUC MO~’I ON

Wc now introduce  an arbitrary rcfercncc frame (z’, y’, z’), with the only rcquircmcn]t  to
h stationary with rcs~mt to fixed stars]. ‘J’o be more cxJJicit,  when dealing; wit]) a spacc!-
born illtcrfcromctcx-, wc can adopt an l;cli~dic  coordinate system. in the last section we will
also consider a tm-rcstrial il~tclfclolllct,cr,  w] )ich is most easily described  ill al ) l’;quatorial
franlc.

‘1’IIc full dcscri~)tion  of the antenna rcslmsc requires six ltulcr)s anglcx,  dcfilled  as in
Fig. 3. ‘J’he orthogonal transformation from tllc wave’s frame (X, Y, Z) to the fixed frame
(x’, y’, z’) is given by the orthogonal matrix

‘1’llc matrix D which tl ansfornl from (x, y, z.) to (z’, y’, z’) is analogous to the matrix A,
wit]l the l{;ulcr)s  angles 0, ~~, @ rc~)laccd by tllc corrcsl)ondin.g  ones ~, ?), ~. ‘1’bus, the complctc
transformation from the wave’s fralne to tl)c detector’s cn]c is g,ivcn  by B 7’. A, Actually, as
wc may cx]mct from Fig. 3, the amglcs  @ and II alq)car  in our results ol}ly  in tllc cxnnbillation
h %. ~) -- 7].

After a rather lcn.gthy  calculation, one ends u]) with tl}e following exprcssiol)s for tllc
bcalll-~mttxml  factors l’; and J;

}’< = sin(2fl)  [A cos(2f)  cos(2@) + IJ cos(2&) sin(2@)+-

-1 C sin(2&) cos(2j~)  -1 l) sin(2&)  sill(?~~)] , (Ila)

I“X == sill(2Q)  [l] COS(2L3 cos(2@) - A cos(2~) sin(2@)+

-1- D sin(2~)  cos(27/J) – ~ sin(2~)  sin(2@)] . (llb)

‘I)hc cocflicicmts  A, 1~, C, and l) in Eqs. (11) dc~md only on the an.glcs ~, U, and 6. ‘1’hcy
am cxJdicitly  g;ivcn  in Appendix A.

Wc recall that the power pattern 1’ is obtained squarillg, and averaging over the polar-
ization angle 7j), the intcrfcromckcr  rcsJ)onsc. From Eqs. (4), (7), and (11) wc eventually
obtain

P = ~ {[A,, -1 IL,, cos(4f)] cos(7/6) + a,, sill(4~) sill(7@}  , (12)

where now the coefficients A,l, p,,, and U,l depend only on 6’ and ~. These cocfflcicnts,
given ill Aplwndix  13, arc quite .,complicatc  trigollomctric  polynomials of their arguments.
Noncthclcss,  Eq. (12) turns out to be very useful in l)racticc. ]n fact, for the ~danncd
dctmtors  considered in the present pajm-, tllc angle ~ is constant, and thus the only possible
time cvo]ution  is related to the sinusoidal functions of ~ and 6 which appear cx~dicitly  in l{;q.
(12). Ilcforc analyzing in more detail the pro~)oscxl  sl)acc-born intcrfcromcters,  wc colisidcr
a trivial al)plication  of 13q. (1 2).

11 ]Crc ~tl,cl ill ~llc fo]lowilg,  when wc say ‘stationary’ (or ‘fixed’) wc recall stationary over tllc
c]mractcristic time scale of the cictcctor’s motion.
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A simple example

As a first test of Ec]. (12) wc can comiclcr,  as wc did at the cncl of Sec. 1, an illtcrfcromctm
wllicll is rotating arould  its z-axis, as in l’ig. 2, so that its trivial motion is dcscribcd by

~z.q=(), ~= <~+-wt. (13)

l’rom l’;q. (13), and Eqs. (}).1 )-(11.15) of Ap])c]dix  ]3, wc fiIlc] that t]]c only non- rlul] coeffi-
cients in Eq. (12) arc

A() = ; (1 + COS4 (1 -1 (icos20) , (14)

IL4 = o~ z --jsi1140, (15)

1’ =- ~ [] -i CO S
40 -1 6COS2 0- si)14 tlcos [4(@ -- tfO – wi)]]  . (16)

As poilkcd  out in Sec. 1, this Icsult  can bc obtaillcd  much more easily directly flonl  }’;q.  (8),
with the substitution (9). Eq. (16) gives, with good approximation, tllc antcn~]a  ~mttcn] of
OMIWA  [5], with w & 1.4 x 10-6 See- 1.

111. SI>ACE 1 Nq’El{,I(’EItOM  l’;rJ’l;llS: CONICAL MOTION

]n tl]c lmcvious section, we have considered the antenna ~)owm pattcnl  associated to an
unspecified motion  of the detector. Wc will now focus our attention to the case of a s~)acc
intcrfcromctcr,  which pmscnts,  i)lclcl}cnclc]ltly  of tllc particul  ar ~mojcct  unclcr  invmt igat ion,
some very general and interesting ~no~)crtics.

Jnscrtin.g  the space intcrfcromctcr  in its mbit and keeping the intcrfcromctcr  configu-
ration stable over the mission lifetime - at lc~st  two orbital periods - is a very demanding
navigation task, duc principally to the perturbation of the Earth and the other I dancts.  Por
instal]cc, onc of the conscqucnccs of the .complicatc orbit is the fact that we cannot  main-
tain equal distances bctwcm  the probes. 111 a rcccnt paper [6], wc moclclcd the noise that is
introduced into tllc diffcrcnccd data bccausc of the u]icqual arms, and sllowcd that the final
accuracy of the illtcrfcromctcr  is not tom] nxnn iscd, Another example c)f the jmoblcms  wc
may face in a space-born intcrfcromotcr  is that,, duc to the Earth disturbances, hig$  I lopplcr
rates would result. IIcllings ct al. [7] dcscribcd  a laser transmitter and rcccivcr hardware sys-
tcm that provides the readout accuracy required and im~icmcnts  a self-correction ~moccclurc
for t})c on-board frequency standard used for laser l)hasc measurement.

Wc will now consider tllc intcrfcrolnctcr’s  orbit, and discuss its implication on the alltcllna
rcs])onsc  to a wave comi~lg  from a givcl~  direction in the sky. In I )articular,  as wc ~ncntioncx]
in the introduction, 1,ISA [2] will orbit the SUJI  at tllc Earth distance, as far behind t,llc
l’;arth as possiMc. ‘1’hc ~)lanc contail]ing  the six probes, during its orbit, will remain always
tangent to the surface of a cone of 60° a~)crt,u~ c, a]ld the dct,cctor  itself will rotate in its
ldanc with same ~x:riodicity  - o~]c year - but  o~)~)ositc direction. Fig;. 4, rc~woduccd from [3],
shows 1,ISA coxlfiguration.
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in this section, wc will consider a l,lSA-like motion, characterized by a .gcncric cone
a~mrture.  In other words, the motion of cdl of the three intcrfcrolnctcrs  is assumed to bc
dcscribcd  by2

( = Const  ,

(=>fi:  (/)-7) ~iLd i),

(17a)

l)z-T]o– Wi (17b)
(==(~+wi. (17C)

Note that q and & arc counter-rotating. Note also that the three intcrfcrometcrs  formccl
by the triangular configuration have initial values <O which dificr from each other by 120°,
whereas 7]0 is the same for all of thcm,  and tllcrcforc wc will consider only one of thcm.

‘.l’hc ]Jroposcd  IJSA orbit  lms < == 60°, a critical value for tllc stability of the triangular
configuration. Since the bcllavior of the alltmlna, in terms  c)f sky’s covcragc, dircctiona]ity,
etc., is very sensitive to the inclination, wc will keep ( as a free para~ncter t}]roughout this
palm. For a given <, the coefficients A,,, /1,,, and o,] ate now functions of O. ‘1’llcy arc
cxl)licitly  given in Appcmdix  ~ for the I, ISA case.

In order to dctcrminc  the sky’s covcragc  duJ ing the detector’s lifetime, wc need to consider
the time average of the antmlna  pattern 1’ ovcx onc orbital period, which gives

(1’)q  =- A)+ ; (/L, -i 04) cos[4(dJ  ‘-  qo  - to)] (18)

Fig. 5 shows a plot of (1’)7, in polar coordinates for various values of the cone’s aperture <.
Note that  ~ == O corresponds to an intcrfcromctm  fixed in sl)acc; since wc arc taking  & and
q counter-rotating, the interferometer dots J jot, rotate at all.

We know from l{;q. (8) that an intcrfcromctcr  fixed in sl)acc can never cletcct waves
im~)ingin.g from four specific null-dircctiolm,  given by Q =- 7r/2, and ~ == k7r/2 (k = O. . . 3).
Wc will now analym  what happens to t}lcsc  null-directions in the generic conical case,
focusing our attention to t$e ecliptic plallc  O = 7r/2. Fig. 6 shows the behavior of the terms
AO and ljLd  +- 04 I /2 as ~ varies from O to m/2. Wc conclude that there is a tendency for the
null-directions on the ecliptic plane to remain visible, although the magnitude of this effect
is strongly af~cctcd  by the value of <: for ~ = ~ O the null-directions are obviously completely
prcscrvcd,  while for c == 7r/2 the ~dcpcmclc~lcc  is very poor. I,ISA is much closer to the
latter case, and actually its (1’)7, is almost illdc~mdent  6n’6’ as WC1l,  as wc shall  scc in a
whi]c.

,

Note that, if ~ and 7) were co-rotating;,  instead  of counter-rotating as in l,lSA,  then in
the last term of Eq. (18) we would have to make the substitution

; (p4 + CJ4) - ~ ; (//4 - CJ,) . (19)

which means that the ~>tcrm would bc mm] smaller, in absolute value, compared to Ao.

2WC could eliminate onc of tllc two initial collditions <0 or q. by sim~)ly  resealing the time, taking;
for instance the origin of time at the passap;c  through the line c)f noclm  (to =- O) or through the
vcrllal cqui]lox  (r~o u O).

(i



onc might infer from Fig. W that, if the inclination is close to C = n/2, tfhml the zeros of
t}]c antmlla pattmn  can bc found ill the direction orthogonal to tllc ecliptic ~Jallc. I Iowcvm,
this is not the cam, since U = O implies tlmt  1’ is still given by l’;q. (8), with O and @ rcl)laccd,
respectively, by ~ and ~. ‘1’bus, even for < =- n/2 the time average is non-zero at the I)CJICS.

Another ilnportant  issue related to Eq. (18) is the time-averaged antenna directionality.
As wc can ~mcclict,  from Fig. 5, clircctionality is strongly dcl)cndent  on the angle  ~. ‘1’0 make
this statement more l~rccisc,  let us consider the r.m. s. deviation from isotropy, defined as

[1
1

1/2

192;  ((1’), - 4 / 5 )2  cmA ~, _l 75

4n
(20)

‘J’hc normalization factor in front of Eq. (20) is chosen in SL]CII a way tl]at  A is llmnalizcd
to OIIC for a fixed intcrfcrolllctcr.  inserting l’;q. (18) in l’;q. (20) we easily obtai]l A = A(<),
S)1OWJ] ill l~ig.  7. Rxl)licit,ly, wc find

A(<) = ~;~  [19779+ ] 2(I COS ( -- ] 18380 COS2 (

-1840 COS3 < -{ 180690 COS4 ~ + 840 COS5 ~

- 3180 cos6 c + 120 COS7 < +- 2115 cc@ C] 1’2. (21)

‘1’hc ]lotcworthy  result is that the antenna pattern is distributed more and more isotrop
ically as wc illcrcasc ~ from ( =-: O. After wc reach a minimum at ~ m 55°, tl]c antenna’s
directionality starts increasing again.

‘J’hcrcforc, wc can conclude that, in t,llc conical case, it is illlpossible to get a lmfcctlly
isotropic response, i.e. wc l)cvcr get A =. O (see also the above discussion about the @
dc])cndcnce). IIowcvcr, wc can get very C1OSC to this ideal situation, if wc choose ~ ap~mo-
priatcly.  ltcmarkably,  I,lSA’s inclination is very C1OSC to the ol)timal value < w 55°, and
gives A(60°) = 0.14. ‘.’his means that I,lSA, during  its lifetime, will cover the whole sky in
an approximately uniform manner. of course, in some circumstances, directionality needs
to be preserved. ~ror instance, one may want to disentangle the isotropic conl~)oncnt  of the
stochastic background from the anisotropic  co] krit)ution  of the galactic binaries. I lircctiol]-
ality can always be prcscrvcd integrating over a shorter period. Fig. 8 shows I, ISA’s antenna
pattern avcra~cd over 3 and 6 months, respectively.

l’inally,  wc want to consider the intcrfcml]ctcr’s responsiveness to the Galactic: plane,
given that most of the strongest sources will lie 011 this plain
Galactic plane is characterized by

O(#) =-- arct,an(o  cm @ +- @ sin f#))- ]

where a N’ 1.75 and ~ ‘X 4 x 10-4. Assuming;,  for simplicity,

ur coordinate systm

he sources arc distr

n, the

(22)

butcd
isotropically  on tllc plane, the event rate of d isk’s sources is ~moport ional  to tllc average area
of the intcrscctioll  of tl)is plane with tl~c  al]tmlna pattern, cclual  to

G== ;2,~j[l(u(d)),d),]2dtdd),
0 0

7

(23)



wllcre 0(#) is tllc functim]  .givcn  in ]’;q.  (22). ‘1 ‘Ilis area Clcpcnds  on tllc details  of tllc detector’s
motion, in our case on <, to, and ?lO. Fig. 9 S11OWS the qualkity  G as a functiml of <, sillcc
tllc dcl)c)lclcncc  on co and q. can be neglected in a first al)~woximation.  For I,ISA, wc fiI1~

the small value G N 1.85, the exact value dclxmding on tllc initial conditiom  qO -I &o. We
conclude that I,ISA is not ~)articular]y  scnsititivc  to the Galactic clisk, due to tllc fairly large
inclination to the l;cliptic  of both  the detector’s plane and the Galaxy. Accorclin?, to this
cruclc anaJysis,  wc can expect that OME~~A,  with a smallm, almost negligible, inclinaticm,
WOUIC1 increase its chances of observing a sig;nal  from the disk by rough]y a fact,c)r  two.

IV. }tA}UJ’I I-BASE]) 1 NT’I~;ltI{’EItOMI’; 7’lGl{,S

As an adclitiona]  application of l;q. (12), let us consiclcr  a terrestrial intcrfcromctm.  In
tlllis  case tl)c n lost convenient cl Ioicc for the ‘fixccl’ reference frame is tllc I’;quatorial  o~ Ic,
with the z’ axis directed t,owarcl tllc North I’oIc, a]ld the x’ axis towarcl  the Vcrllal  l;cluinox,
III this frame, the motion of the intlcrfcromctcr becomes similar to tl]c conical case lncviously
a~lal yzcd,  cxccl)t that  now the clctcctor  can not rotate on itself, of course. III ci l)cr words
wc have

[=n/2- 1,

77 =- 7]0 -t Ld ,

~ z. [,,

wllcrc 1 is tl)c terrestrial latitude, w is the l~kmtll’s
[- ~, -t ~] is tl)c angle between tl,c arms’ bisector al)d

l~or example, let us comidcr  the average of the

(24a)

(24b)

(24c)

angular velocity of rotatiol),  a~]d L G
the local ~mrallc].
antenna ~)attcrll 1> over tllc ti~nc of

arrival, ]n the terrestrial case, as opposccl  to tile conical cam consiclcrcd  in Sec. 111, tllc
intcrfc!romctcr Cannot  rotate arouncl its vcr~ical  axis, and t}]c!rcforc averagine; over time cn ~J
gives tl)c same result, namely

(P)q = Ao(fl,  q -1 //0(0, l?) COS(4L) . (25)

For any particular value of 0, for example 0 = - 102°, corresponding to the dircctiol] of tllc
Virgo cluster, Fkl. (25) gives tl)c square of tllc r.m.s.  power as a function of the antenna’s
position and orientation on the l’;arth)s surface [8].

lnstcac]  of fixing O, wc could try to answer the inl~)ortant  qucstio]l:  is there any particular
location and orientation for which the antenlm ~Jattcrn, averaged over one day, is isotropic?
‘1’hc answer turns out to be affirmative: the isc)trol)ic antenna is cl)aractcrizccl  by

()& =- arcsin :{ - ] .
43

& ,135°.26438972, (2&)

1 1()1,~~ z-- – arccos _  _ .
4

v :125°.38423976.~ (26b)

One can easily check, by impcction,  tl)at  P*$ :ill C] 12s ])rOdUCC (}’)q, S= 4/5 Or, CCIUiValC1lt]y,
A z O. A detector located at latitude lis and oriented by ~i~ maximizes tllc event rate of an
isotrol)ic I )olmlation of sources.
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in the cvcmt  that the detector’s position has already been chosc]i,  one ca~] still make
usc of F;q. (25) in order to find the o~)tlilnal  oricntatio]l  L, which gives the least dircctliollal
antenna pattern at that latitude. At each latitude 1, wc define as optilnal  that orientation
L+ w]lich minimize the quantity A. ]{’ig.  10 s~]ows L* u L*(1) and tl)c Corrcsj)ondillg; nlinilnum
A ,  = A(L, L*).

wc stress that, as one may actually cxlwct, A depends much more strongly o]) t than
on L, and in ]mrticular  tllc aldmnna  kcomcs  I apidly anisot,ro~)ic as we ]I1OVC away from lis,
no matter how optimally we try to choose L. Morcovc:, wc can foresee several terrestrial
i~]tcrfc:rc)~]lctcr~;  to be operative in the near future, so that tllc sky’s coverage of a single
antenna is llot really al] issue as critical as in the sl)acc-born case ~mviously discussed.

V. SINUOSOIIIAJ, WAVES FROM BINARIJN. I“OURIER ANAI,YSIS.

It is generally assulnccl  that galactic and cxtragalactic  binary  systems arc the most
lnmnising  sources of gravitational waves for detectors based on laser intcrfcrolnctry.  IJ1 fact,
wavm from a binary  star, inducting the cflmt of ccccntricitly,  orbital inclination, and also
~)ost-Newtonian corrections, IIavc long bee]] studied, and arc today well understood. In
~)articular,  the sensitivity of the ldanncd  sl)acc illtcrfcromctcrs  should allow t]lc detection of
waves from several known galactic binary  stars.  in the I, ISA frequency ballc], t,hc strol Igcst
anlollg  these sources arc the lntcracti]l~  l~inary  White 1 lwarfs (mw])j  [9 1 1]. ‘l’able 1
ccmtains  tllc availaMc  data for five IWl)]  1s, inducting the am~ditudc and frcqucl]cy  of tllc
cxl)cctcd gravitational waves. ]n this scctiml, wc will apply our results to these objccis,  and
describe the 1,1 SA’s rcsl)onsc to the waves originating froln thcm.

}’or sim~)]icity,  let us assume that the binary systcm is in tlic plane of the sky (~,. ~ =- 3.1 ).
‘J’l]c]l, tllc emitted waves are circularly ~m]arizcd,  i.e.

From I’;c]. (4) and Eq. (7) wc get

(28)

in otllcr words, the rcslx)llsc  R is proportio]lal  to the square root of the polarization-avcragecl
antenl la pattern 1’. ‘1’hc alltcnl]a  pattern 1’ , as given in Eq. (12), depends 011 ti~[lc through
the Euler’s anF;lcs which clcscribe the motion of the intcrfcromctcr  with respect to fixccl
stars. III this ~mpcr, wc }]avc only consiclcrcd  ~)criodic lnotions,  so that 1’ is also ~)criodic,
introducing in the detector’s rcs~)onse a low-frequency modulation of the waveform. As
an cxam~dc,  Fig. 11 shows the response for t}lc  fivcJ WI)]) in Table 1, as seen from I, ISA
over one year. Fig. 12 S11OWS the analogous quantity for a sinusoidal signal, of unspecified
anl~ ditucle  and frequency, con~il~g  from t,lle Galactic ccntrc.

We will now consider tl)c effect of the ~l)olio~l in the frequency donlaill, for both the
s}mcc-born ancl the tcrrcstria]  cases. WC dcfi]lc tllc F’ouricr  series as usual

,:{akcos(w ‘)ksi]’(%}  1
P(t) =- (@+ > (29)



wlIcrc  ~’ == 21. is the orbital ~mriod,  and

1
+ 1)

-J“0 ‘“ 2L_1 l’(i)df , (30)

,

;, y’wc+;)d>ak =, - (31)
/

~k ‘ j’m)sin (-y)dt. (32)
-1.

11’01  fllc collical  ca.sc  analyzed in SCW. III, using CCIS. (111)-(1114) of AIqxmdix 11, OIIC finds that
tlm only  non-zero Fourier coefficients arc ~;ivc]]  by (6o s @ - q~, k =: 1, . . . . 8):

b~

71= 1

1
+-j  (/f,J i 0,, ) Cos (nfio --- 4(o)&+ ,,,4

1
}+ j (/f,l - u,, ) cos(7&l -t 4’$o)6&,t,4 , (34)

x sin(n&  -- 4&1)6~+ ~,4

}--(~~,, - 0,,) sill(7&  -i 4&’o)6~. ,,,4 . (35)

‘1’hc analogous calculation for the Lcrrcstrial case, described by Eqs. (24), gives the
following nine coefficients (k == 1 . ..4)

(20 = A(l i- /10 COS(4L) , (36)

a~ = [& q- ~L~ cos(4L)]  Cos(k&) +- ok sin(4L) sin(k&)  , (37)

f!)~ ‘=” [~~ +- ~~k cos(4~)] sin(k6(J)  ‘- Ok sin(4L) Cos(k60) . (38)

]n genera], given the initial detector’s ~msition,  these Fourier cocficicmts dcpcncl  on the
source’s coordinates d - through &, jLk, ok - and ~ - through 6.. If the source location
is known, thcm one can look for these spectral lines as a convincing signature about the
gravitational  origin  of t}lc  signal.  l’;xaIllPIcs of this signature arc shown in Fig.  I I and 12 .

When the source’s coordinates arc unknmwl, Ilowcvcr, one lMS to clcal with the com~)lica-
tion arising from the 1 )opp]cr effect [J 2]. ‘1’IIc motion of the detector, besides tJic am])litudc
Inodulat,io]]  described in tl]e prcscllt work, also ildmcluces a coorclil~atc-clc]  )(:~l(lc]~t, frcqucn]cy
modulation, in the for]n of a. I)opplcr  broadcI]iIlg  of t]]c sinusoidal signal. in the case of 1,ISA,
tl]c lnagnitudc  of this effect, over a ])criod 7’: 1 yr, is

Aj

f
!Y2XI0-4,

10

(39)



so tlIatf,  in the spectral  region  below 10”2 Ilz, wc do not have any holw of finding the abovc-
mcntioncd  17 lines, separated from cacll otllcr by only 1 /1’ e 3 x 10’8 Ilz. For a terrestrial
intcrfcrolllctcr,  the situation is analogous, only complicated by tllc simulta~mous  effects of
the cliurnal  and annual motion of the II;arth, and also by t}lc l’;artll-h400n  i~ltcraction.

in conclusion, for long enough obscrvatiol  w, wc need slmial  techniques to conl~)cnsatc
for the frequency spread over several fmqucl  Icy-resolution bins, and eventually to rcccwcr  the
amplitude modulation dcscribcd  in this pa~wr. Several different strategies can bc ado~)tcd
to ovcrcomc  this lmoblcm, although none of Lhcm is conlIdctcly  satisfactory, duc to tl)c large
amount of computation involved. Scc [12] for more details.

V]. cON~l,lJHONS

in the present work, wc have considered a gravitational wave illtcrfcromctcr,  in n lotion
with respect to fixed stars. ‘1’}ic genera] results arc prcscntcd  in Sec. II, where the istan-
tancous  beam-pattcm factors - P;qs. (11) - and the l)olarization-a,vcragcd antenna  l)owcr
pat,tmn - Eq. (12) - arc givcnl as functions c)f time, for a generic motion.

NCXL, two particular cams have been] analyzccl: 1 ) the ~nc)bablc  orbit of a sl)ac(:-born
intcrfcromctcr,  with particular emphasis c)]] I,ISA, and 2) the nlotion of an F;arth-based
intlcrfcromctcr.

For what concerns I,ISA, wc have shown that its pcculia]  motion makes the time-averaged
antenna pat tern practically isotropic, thus I )roviding  an ullifornl  covcragc  of tllc wl~olc  sky
over the l)criod  of onc year. F’or shorter integration periods directionality is mostly Jmcscrvcd,
and can bc exploited where ncccssa~y,  for cxaml )Ic in the scarcll  of a galactic binaries back-
ground. IIowcvcr,  when wc focused on the Galactic disk, wc found tlmt  the average alltcntla
response is far from optimal, duc to the relative oricntatio~l  of the ltcliptic  and the Galactic
~)lanc itself. We stress that these results arc not conclusive, since wc have nc,g]cctccl  the
anisotropy  in the distribution of the sources with respect to t}lc Sun, CIUC to the fact that
wc arc located near the edge of the disk. 1~] this respect, additional work is needed.

in tllc terrestrial case, thanks to the probable redundancy of future gravitational wave
observatories, the discussion about a sine;lc al d,cnna’s$ky>s  covcragc  is not so critical. I Iow-
evcr, wc found that there are particular positions on the Earth’s surface, given in l;qs. (26),
which render the time-averaged antenna rcs~mmc ~Jcrfcctly isotropic. For what  concerns the
Galactic plane, since the latter makes witlr the l’;quatoria]  plane alqwoximatcly  the same
angle it makes with the Ecliptic (W 60°), the ~ esult is analogous to tllc conical CMC) with the
angle ~ intcrprctcd  as 90 –- 1 in Fig. 9. In other words, the response to the Galactic ~)lanc
incrcascs  as we move the interferometer from the equator toward the poles, with a miller
role ~daycd  by the orientation L.

‘J’lIc author would like to thank R.llcl]illgs for discussions. ‘1’lIc research dcscribcd  in tl]is
paper was performed while the author lIcld all NIW-NASA  Rmidcnt,  llcscarch  Associat,cslli~)
at t,llc Jet I ‘ro~mlsion I,aboratory,  ~aliforni  a 1 llst,itutc of ‘1 ‘ccl mology,  u~ldcr a contract with
the National Aeronautics and Sl)acc  A[l]llillistrat,ioll.
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API’ENI)IX A

III this Appcmdix,  wc give the cmfficic]ds  A, ]1, C, and l) Which cntm in tlIc cx]mxsions
of }’; all(l }“X , E@. (11). q’hey, inturn,  can bccxlmmcd  illtcrlllso filltcrlllc(liat(  :(l~lalltitics
al, OZ, $1, and & as follows

in this Alqxmdix, wc give tllc cocfficicl]t,s  A,,, II,,, and a,, (7L = O, . . . . 4), dcfi]lcd  ill l’~c].
(1 2), as functions c)f the angles O and <.

Ao = ;2 (35 -i 35 Cos4 d CC)S4 ~ --30 CC)S2 () -1 3 C O S4 ~ + 1 0 8  C O S2 < C O S2 u

-30 COS2 ( COS4 0--30 COS4  ( COS2 0--30 COS2 ( + 3 COS4 0) (131)

}* == & sin(2~) sin(2f.?) (15 – 3 cos2 0--3 cos2 < -t 7cos2 ~ CO S
2 d) (132)

~Z = ~ (7+- 7COS40COS4 ~ -- 8cos2tl -} COS4 ~ ;- ]6COS2~COS2d – 8COS2<COS4 f)

- 8COS4<COS20 – 8 COS2 <-1 COS40) (113)

A3 == ~ sin3 < cos < sin3 Ocos O (}M)

A4 == +2 sin4 ~ sin4 O (135)

.
/10 =“ --~; (3 -t- 35 COS4 0 COS4 ( -30 COS2 u + 3COS4(+60COS2(COS20

J
- 70 COS2 ( COS4 u - 30 COS4 < co+’ u - 6 COS2 ( + 35 COS4 o ) (1]6)

jLI == - j sin(20) cos ~ si113 ~ (3 – 7COS20) (117)

~L2 == ~ sin2 ~ sin2 O (1 + COS
2 <) (1 - 7 co# 0) (118)
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/13 = ~ sin(2<)  sin3 O 03s O (3 + COS2 {) (119)

//4 == – ;2 siJ14 o (1 -i COS4 ( + 6 m? () (1110)

(JO ,.: () (1111)

o] =: --+ sin(20) sin3 ~ (3 -- 7cos20 ) (1312)
1

CJz = ~ ~ cos~sin2  ~si112 O (~ -- 7cos2 0) (1113)

API’I’;NIIIX C

]n this Ap])cndix, wc provide the ccmfficicnts A,l, /L,,, and o,, (71 = O, . . . ,4) for I, ISA

A(,) =“

A, =

A’ =

A3 ~

A4 ==

/Lo ==

/1, =:

/1’ ==

/L3 =

jL4 =

1 (443-- 37cos4 (? - 78 C O S2 f)
:12 )
@
128

— sin(20) (57 - 5 COS
2 O

)
9

(—  9 -  COS4~- 8COS20
i 28 )

!!!5 si~~3 ~ cos ()
64
9—— sin4 O

512

~:2 (3+35 COS4 0--30 COS2 o)-. —-—

3&
- ix sin(20) (3 - 7COS20)

15——
128 (sin 2 O 1 - 7 COS

2 O
)

‘3W sin3 O cos O—.— .— .
64  L

41——— sin4 O
512

( c l )

((32)

(C3)

(m)

(Cq

((%)

(C7)

(C8)

(C9)

(Clo)

~~ =: () ( c l ] )
3J3

o] == ---GT sill(20)  (3 - 7COS20) (C12)
3

OZ =-- :2 sin2 O (] - 7 cos2  0) (C13)



7-<3 si]13 U cm O
‘3 ‘- 32 ‘ “

5
U4= - -

64
sin4 O

(C14)

(C15)
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PIG. 1. ‘J’hc geometry of the i]ltcrfmomclm. Note that tllc usual sldlmical l)cdm- coordinates of
tllc  source’s ~xxiitic)ll  arc (f?, @ - 71 /2).

11’lG.  2. OMEGA: a space-bom detector rotating around its vertical axis. Alt.houg]l t,hc actual
OMI’;GA’s  motion is better dmcribcd  with the formalism introduced ili Sec. Ill, this sim~)lc cxarn~de
cam ~novidc a good alqn-oximatim  to it.

FIG. 3. ‘1’hc rclatioll  bctwcc]l  tl]c  wave’s (X, Y, X), tllc detector’s (m, y, z), and the f i x e d
(x’,  y’, z’) reference frames.

FIG. 4. I,ISA: a space-born interferometer ill orbit arou]ld tlic Sun. l{c})~oduccd fro!n [3], witl]
~)crll Iission.

FIG. 5. ‘1’he antenna  pattcm, averaged over time and ~)olarization, for various values of the
inclil]ation  anp,k <. a) ( =- O. b) ( = 71/6, c) < = 7 1 / 3 ,  c l )  < = 7r/2.

F I G .  6, ‘1’hc ~fidcpcndcuce o n  t h e  Ec]iptic plane. ‘1’hc cocfticicnts  Ao a u d  1114 + ad 1/2, as
functions of tllc inclination <. ‘J’hc bigger is the diffcrcllcc  between tllcsc two terms, tllc sll~allcr is
the relative im~)ortance of the direction 4 in tllc averaged antenna patter]).

}(’1G. 7. ‘1’l]c r.m. s. deviation from isotropy of the time-averaged antclllla  ~Jattcrll, as a function
c}f ~. The minimum of A corresponds to the maximum attainable isotrol)ic  rcsl)onse.  ‘1’his mi])imuln
occurs at ( e 55°, for which A N 0.08. For I,ISA, A(60°) v 0.14.

I“lG. 8. 1,1 SA’s antenna pattern avcragccl over (a) 3 months  aud (b) 6 months. ‘J’hc initial
conditions are (O =- 7)0 == O.

1“’1 G. 9. ‘1’hc response of a space intcrfcromctcr to the Galactic disk, as a functiol]  of the anp;lc
‘J’hc two curves are obtained with difl_crcnt valuas  of 7KI  i I!O.

FIG. 10. ‘J’hc minimum r.m.s.  deviation from isotropy A* attainable at any givcll latitude. ‘J1hc
corrcxq)onding optimal orientation L* is also showII.

l“IG. 11. ‘Jl]c normalized responses, and corresponding ~)owcr qwctra, for tllc 5 I WJ )13 systclns
SIIOWII  ill ‘J’aldc 1.

FIG. 12. As a hypothetical sinusoidal source would a~y)car in tllc I,ISA record. a) amplitude
~nodulation b) 1 ‘owcr s~)cctra cclltcrcd  at tl~c source’s ~)ropcr frequency. ‘J’lIc i]litial  co~lditions arc
<0 =- ?)~ =- o.
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‘J’AIIIJX

‘l’AllI,I’;  I. Data for 5 known IWl)ll.  ‘1’hc first column is tllc l)anlc, tllc scccmd and thircl colum]l
m!, rcslmctivcly,  the angles d and ~~ in the }’;cli~)tic coordinate! systcm. ‘-l ‘llC last two colulnns;~ivcs)
rcslmctivcly,  tile  }mcdictcd amplitude and frequency of tllc gravitational waves, ‘,
=— —..

Nam(:
.—

0 GW  A1n~ditudc Gw I“rcqucncy
(dcgrccs) -(QC;CC!S) (10- 22) (10-3 Hz)

‘AM <Wn 52.56 260.38 5.27 1.94
CR Boo 72.10 292.27 2.82 1.34
V803 (I’m 120.31 306.17 0.89 1.24

(:1 ‘ m 120.83 151.77 4.02 1.16

6’1’  C0711 67.00 277.73 1.77 0.72
. .
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